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Example 1. — Required the value of an annuity on two joint 
lives aged respectively 30 and 45. 

Here, £=15 and (Table II.) rf 16 =9 - 954; wherefore the equiva- 
lent common age =39-954. By Table I. we find the value of an 
annuity for the age 39*9=13*2904, and the corresponding differ- 
ence for one-tenth of a year= —233. Therefore, 

13-2904 
233 X -5 =117 
233 x -04= 9 

-0126 



13*2778=value required. 
Example 2. — Required the common age equivalent to the three 
ages, 25, 40, and 45, 
Here, *= 15, /=20. 

1- 

y' 8 =4*10783 
j*o=6-57885 

3JU-68668 



3-89556 log.= -59057 
log. q= -04091 

■59057 „,,„„ 
^. 2 o=^9T=H-436 



and common age required =39*436. 



On the Rationale of certain Actuarial Estimates. By Charles 
Jellicoe, Actuary to the Eagle Insurance Company. 

[Read before the Institute of Actuaries, 28th November, 1859.] 

bOME three or four years ago, I submitted to the members of the 
Institute a few observations on the valuation of property held for 
life and in reversion, and on the due apportionment of it when 
questions arise between the life tenant and the owner of the fee.* 
I was induced to bring this subject under the notice of the members 
from observing the great difference of opinion prevailing in regard 
to it generally, and especially in the discussions on the subject of 
church leases and of other property similarly circumstanced — in 

* See volume vi., page 61. 
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which discussions no sort of agreement appears to have been come 
to as to the true principles upon which the value of the interests 
of the several parties concerned should he estimated. In the paper 
in question, I endeavoured to point out some of these principles ; 
and my object now is to enlarge somewhat on the arguments 
therein laid down, to show that the question at issue almost always 
resolves itself into one whether a property is to be bought or sold, 
to call attention to the vast difference in value which arises under 
the two conditions, and to point out the imperative character of the 
causes from which this difference originates ; finally, to urge the 
necessity of great care and circumspection in dealing with the ques- 
tions submitted to us, so that all risk of confounding one of the 
conditions above referred to with the other may be avoided. 

It is rather a fortunate circumstance that, in most of the pro- 
perties which form the subject of our investigations, good reasons 
can be assigned for the selling as well as for the purchasing value 
of them. It is probably true that every description of property 
has these two values, but it would be, in most cases, difficult to 
assign satisfactory reasons for either of them or for their difference ; 
with securities dependent on the duration of human life it is not 
so ; and I now proceed, accordingly, to cite a few instances of such 
values, and to point out, briefly, the reasons why they differ so 
materially as they do. 

Let us first suppose that a well-secured annuity of £100, on a 
given life, is to be sold ; the question immediately arises, At what 
rate can the life be assured ? and this being determined, and the 
rate of interest also settled, the price is known. For the purpose 
of comparison, we will assume the rate of premium to be £'6 per 
cent., and that of interest to be £5; and we accordingly find, 
from Mr. Sprague's useful table,* that the annuity should fetch 
about £l,188.f 

We will now reverse the case, and suppose that an annuity of 
the like amount is wanted. To obtain it, as we know, the pur- 

* See page 18 of this volume. 



J The formula in this case being, as is well known, 100 



(- 



\<1+P J' 

Since, however, annuities are now, in accordance with the provisions of an 
Act of Parliament passed some years ago, almost always paid to the day of 
death, a still more simple formula is applicable, in that case, for deter- 
mining their market value. Thus, the sum advanced is represented by 
1— p; and since the annuity for this is p+ i, we have, for the value of £1 

l—P • • , - 1—P 

annuity, r ; since p+i : 1— p :: 1 : r. 

■" p+t r r p + t 
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chaser must apply to the Government Office or to a well-established 
Annuity Company ; and, assuming that the life is of the same age 
as before, it will be found that about £1,684 must be paid for it.* 

In this instance, we observe that the purchasing price is no less 
than 50 per cent, in advance of the selling one ; and we shall pre- 
sently see that it is rather matter of surprise that the difference is 
not still greater. Of course, the reason of the discrepancy, as it 
exists, is, that anyone selling or granting such a property must 
guard against an extreme longevity and a fall in the rate of interest ; 
whilst a person buying it has to provide against the premature 
death of the annuitant, and to secure the usual rate of interest on 
his investment ; and the attainment of these objects involves charges 
which affect the value of the security in the manner described. 

Let us now see how a property simply reversionary fares under 
the like circumstances, and assume that £1,000, receivable at 
decease of a person of the age before supposed — viz., 40 — is to be 
sold. The intending buyer will conclude that the life in question 
is a good one or the owner would not sell, and, as he will have long 
to wait for the return of his capital, he will expect to realize a high 
rate of interest. If he be skilful in such matters, he will see what 
an annuity, to pay interest on his capital while it is alienated, will 
cost, and thence be guided as to the price he should pay. In any 
case, he will probably offer about £264, and he will find that others 
will be disposed to offer the same.f 

But a very different state of things arises if a property of this 
description has to be purchased. To obtain it without delay, re- 
course must be had to an Assurance Company, who will treat the 
application as for an assurance at a single premium, and, having 
satisfied themselves that the life to be assured is an eligible one, 
will, no doubt, ask much about double the sum above mentioned.^ 

Now this sum — say £528 — results from a calculation which 
supposes interest to be realized at 3J per cent., and an annuity on 

* The formula being 100A simply, say at 3J per cent. Carlisle 

mortality. 

1— rA 

t That is to say, the value found by the formula 1000 . — Carlisle 

1 + r 

mortality and interest at 6 per cent, or by the formula 1000.[1 — rf(l + A)], 

where A is at 3 J per cent, and d at 4J per cent.; interest in such an 

arrangement being actually realizable immediately, and the risk of extreme 

longevity thrown on others. 

fl—rA\ 
$ Namely, 1000. 1 — — — — j +<f>, where r and A are at 3£ per cent., 

and <j> is an addition for expenses, &c. 
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the life to be worth 16'84 years' purchase, an arbitrary addition 
being made for expenses and profit. But, as we have seen, an 
annuity can be purchased at the rate above quoted without any 
addition at all, whereas, on a parity of reasoning, the price of it 
should be increased from 15 to 20 per cent. This comparative 
cheapness in the annuity market can, I think, be accounted for 
only by the fact that the Government, the largest dealers in it, do 
not look for any profit or contribution to expenses, and that others 
dealing in the like commodity are, of necessity, compelled to regu- 
late their charges by those of the Government. The unprofitable 
character of the business comprised in the granting of annuities is 
strongly illustrated by these considerations, which would, indeed, 
seem to preclude all private transactions in it, unless under circum- 
stances which render the immediate command of capital unusually 
advantageous.* 

Let us now investigate the conditions which regulate the buying 
and selling prices of a contingent reversionary sum, and, for this 
purpose, suppose that a reversion is to be sold of £1,000, payable 
at decease of a person aged 70, if another, aged 40, survive. As 
before, a purchaser will first ascertain the cost of insuring the 
younger life against the elder, and, after providing for this and 

* Reversionary property consists so commonly of stock in the funds, 
that a few words as to the future value of it may, perhaps, be said here 
without irrelevancy. It is very much the practice to assume that Consols 
will, at any future time, most probably realize 85 per cent; and this 
assumption is grounded on the fact that that has been the average price for 
about half a century together (see chapter 2 of Mr. Griffith Davies' work). 
But I think the assumption is a fair one, considering that 3^ per cent, is 
about the true rate of interest for a security perfect in every respect, with 
the exception of the circumstance that the amount recoverable is always 
uncertain. An investment in Consols has, with this exception, all the 
characteristics of a perfect security. It is as safe as anything can well 
be, interest is paid with entire punctuality, and the capital can be 
lent or withdrawn, at the will of the lender, almost at a moment's notice. 
The exception we have spoken of is the only defect, but it is a serious 
one, and demands at least half per cent, more in the rate of interest. It 
is probable that Consols would always be nearer 100 per cent, if it were 
not for this peculiarity — that is to say, that no more than 3 per cent, 
per annum would usually be obtained from an investment in them. But 
if 85 per cent, be a fair rate for the purposes we are speaking of, there 
seems no reason why the 3 per cent, stock of an Assurance Company 
should not be taken in its valuations at that rate, rather than at any 
of the rates arising from such other principles of valuation as those enu- 
merated by Mr. Fan-en (see vol. 5, page 318); and we may observe, that, 
if such a practice be acted upon, it follows that every purchase of such 
stock at a higher rate than 85 per cent, must involve a loss. 
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for the usual rate of interest, will find that he can offer for such a 
contingent security about j£530.* Here, it will be observed, that, 
although the security is contingent, it is, to suit the exigencies of 
the market, rendered absolute— the purchaser recovering his capital 
at decease of either of the lives ; and, therefore, in order to contrast 
the selling price in this case with that of the purchasing one, we 
must ascertain the cost of the reversion in question receivable also 
at decease of either of the lives. Now, it will be found that the 
sum demanded by a respectable Company, in this case, will be 
about £870, or more than 50 per cent, increase on the selling 
price ;f and, since the conditions under which such a reversionary 
interest is purchased will be the same as those applying to one 
which will contrast with the proceeds of the sale of a contingent 
reversionary annuity as well as of a contingent reversionary sum, 
we may use it for the purpose in our inquiry on that head. Now, 
the exigencies to a purchaser of such an annuity are, the premium 
for assuring the younger life absolutely (not contingently), and 
interest for advances whilst both lives are in being; and these 
being duly considered, it will be found that a buyer cannot offer 
more than £450J for an annuity of this kind, the redemption- 
money for which is j61,000 — the discrepancy, here, in the two 
prices, being nearly as great as any between those with which we 
have hitherto dealt. 

Without, however, entering into further illustrations, we may 
easily perceive that a similar difference will exist in the selling and 
purchasing price of annuities and reversions on joint lives, the 
longest of two or more lives, and many other combinations of the 

* Namely, 1000. [1— (d+p)(l+AB), where d is at 4£ per cent. 

interest, being receivable immediately, and AB at 3£ per cent., its cost 

11— rAB \ 

price; or, 1000 I — A B I , where the first quantity within the 

V 1 + r j 

brackets is at 6 per cent., interest being supposed to be deferred and the 
risk of extreme longevity retained, and the second represents the actual 
cost of the contingent assurance as granted by a safe and respectable Com- 
pany. {See paper " On the Contrivances required to render Contingent 
Reversionary Interests Marketable Securities," vol. ii., p. 159.) 

j rAB 

f That is to say, 1000 . — \-<j>; AB and r being taken at 3£ per 

cent., and <j> being an arbitrary addition for expenses, &c, at the rate usually 
demanded by the particular Company. 

+ Found from the formula (1+AB), where p is the whole 

d+p 

life premium and d and AB are at the market rates of 5 per cent, and 3£ 

per cent, respectively. {See paper at page 159, vol. ii., before referred to.) 
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like description; and that all these securities assume features of 
quite a different character accordingly as they are regarded as 
being for sale or for purchase.* Hence the great importance of 
a clear understanding as to the manner in which they are to be 
viewed in the cases which may be submitted for our opinion. 

As it may be useful to give one or two instances of the way in 
which a want of the needful information may operate, we will suppose 
a case to be stated as follows : — " You are requested to say what, in 
your opinion, should be given for an annuity of £100 on a life 
aged 40." The answer to this would seem to be properly based on 
the assumption that an annuity was to be sold, and the price to be 
given for it would be quoted accordingly. But we may suppose that 
executors are desirous of clearing an estate charged with such an 
annuity, and are willing to give the recipient of it a proper con- 
sideration for its surrender ; and, in such a case, it is obvious that 
the answer to the question should be in accordance with the 
purchasing price, since the equivalent sum would be needed to 
place the annuitant in the position he was before. For want of a 
knowledge of the facts in such a case as this, an error might thus 
be made of £500 in an annuity of £100; and the injury in- 
flicted, supposing the error not to be discovered, be of a very 
serious character. 

Again : let the question be, " What is the present value of the 
reversion to £1,000 at decease of a life aged 40 ?" I believe most 
actuaries would not hesitate to give, in such a case, the usual value 
for sale — viz., the low one above referred to of £264. But it may 
easily be that the owner of a property charged with the reversion 
wishes to get rid of the charge, and is willing to give an equivalent 
for its surrender; in which case the high purchasing price is evi- 
dently the sum to be quoted as the value required, since it would 
not be reasonable that the owner of the reversion should be exposed 
to loss as well as trouble in the matter without a full equivalent. 
Now this higher price would be, as we have seen, about £528 ; so 

* We may here observe, that the market value of policies of assurance 
is a good deal raised, from the circumstance of the Companies making 
(very properly) an allowance for their surrender. Were it not for the 
price which they give, it is to be inferred that these securities would not 
sell at so high a rate as they do. The sum assured, for example, would 
be regarded as an ordinary reversion for sale merely, whilst the premium 
would be looked upon as an annuity, the cost of which, in the market, would 
have to be set off against the value of the reversion; and, on these princi- 
ples, it will be found that an assurance must be in force very many years 
before it can acquire any value at all. 
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that, in the instance of a reversion no larger than this, the appli- 
cants might be misled to the extent of £260, or thereabouts, for 
want of a proper understanding on the part of the actuary of the 
nature of the transaction. These instances may suffice to show the 
character of the errors which may be made in the course of our 
practice, and the necessity of exercising due care and circumspec- 
tion to avoid them. To many of those I am addressing these pre- 
cautionary suggestions are, no doubt, needless; but to those who 
are less practised in this peculiar portion of our professional 
occupations, they may not be altogether unserviceable. 



On a Test for Ascertaining whether an Observed Degree of Uni- 
formity, or the Reverse, in Tables of Statistics, is to be looked 
upon as Remarkable. By Robert Campbell, M.A., Advocate, 
Edinburgh, Fellow of Trinity Hall, Cambridge.* 

1 HE following problem was suggested by certain remarks in Mr. 
Buckle's introductory chapter to his History of Civilisation. In 
that chapter Mr. Buckle remarks upon the striking uniformity 
usually exhibited by classes of phenomena — such as not only births, 
deaths, marriages, but such things as those apparently depending 
upon mere caprice — such as the number of letters annually sent 
without directions through the Post-office, or those which appear 
likely to depend on the most capricious and irregular causes, such 
as murders and suicides ; and he proceeds to draw certain moral 
conclusions from the fact of this uniformity, namely, the existence 
of certain moral laws, by which a section of the community, definite 
in number, is always impelled to such acts. But before entering 
upon a discussion of the legitimacy of such results, there appears 
to me always a previous question to be solved, namely, whether the 
observed degree of uniformity is remarkable or not. For supposing 
the observed uniformity to be not more than that which might be 
expected from events, the occurrence of which to individuals was 
conceived of as perfectly fortuitous, the whole argument would re- 
solve itself into a pure metaphysical question, from which it would 
be hopeless to expect any practical issue. 

I propose, therefore, the following problem: — To find some test 
by which we may ascertain whether a certain observed degree of 
uniformity, or the reverse, in tables which give the numbers yearly 
* From the Philosophical Magazine for November, 1859. 



